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Abstract In this paper, we prove the existence theorems of two types of systems of
variational inclusions problem. From these existence results, we establish Ekeland’s
variational principle on topological vector space, existence theorems of common fixed
point, existence theorems for the semi-infinite problems, mathematical programs with
fixed points and equilibrium constraints, and vector mathematical programs with var-
iational inclusions constraints.
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1 Introduction

In 1979, Robinson [24] studied the following parametric variational system:
Given x € R", find y such that

0€glx,y) + 0K,y), (1)

where g: R” x R” — R’ is a single valued function and Q: R” x R” — RP is a
multivalued map. It is known that model (1) covers variational inequalities problems
and a vast of variational system important in applications. Since then various types of
variational inclusions problems have been extended and generalized by Huang [10],
etc.

Mordukhovich [23] studied the following problem:

ming(x,y), subjecttoy e S(x), xe€, 2)
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where g and Q are defined as in (1), S: X — Y is given by

Sx)={yeY:0eglxy + O, »}

and X C R", Y € R™, and ¢: X x Y — R’ is a function. He studied the optimal
conditions of this type of problem.

Let X CRLYCR" letf: X > R, g X - R,and i: X x Y — R be functions,
H: X — Y be a multivalued map. The semi-infinite problem is the problem:
min f(x) s.t. g(x) > 0, and A(x,v) > 0 forallv € H(x).

The semi-infinite problem represents an important class of optimization problem
which has been invistigated in a number of papers and books (see, e.g. [2,12,15,18,
19,22]) and references therein. As usual, these papers mainly dealed with optimal
conditions and develop numerical methods to solve these problems. Typically the
existence of feasible solution is tacitly assumed in their work. Therefore it is impor-
tant to establish the existence theorem of feasible solutions to semi-infinite problems.
Recently, Lin et al. [15,18,19] and Lin [12,16] investigated the sufficient conditions
for the existence of solution of this type of problem. In some optimization problems
the feasible points are the solutions of certain equilibrium problems and fixed points
of certain multivalued maps. The recently appeared paper Lin [16] is the first one to
study this type of problem.

The celebrated Ekeland’s variational principle [4,5] is an important tool in nonlin-
ear analysis. Generalizations and variants were developed, see [7,13] and references
there in. Recently Hamel [8] studied the Ekeland’s variational principle on sequen-
tially complete locally convex topological vector space (in short t.v.s.), Isac [11] studied
vector Ekeland’s type variational principle for functions defined on sequentially com-
plete locally convec t.v.s. with values in a Banach space, Wong [26] studied the Eke-
land’s principle on bornological vector space. Lin and Du [20], Ekeland’s variational
principle on t.v.s. was established by using an existence theorem of an equilibrium
problem.

Let I be an index set. For each i € I, let Z; be a real t.vs., X; and Y; be non-
empty closed convex subsets of locally convex space E; and V;, respectively. Let
X =[lie;Xiand Y = [];; Yi. Foreachi € I, let Bit: X x Y — X;, Sit X — Y},
and L;: X x Y x Y; — Z; be multivalued maps. Recently, Lin [16] had studied the
following type of systems of variational inclusions problems:

(SVIP) Find x = (X))ic; € X,y = (Vi)ier € Y such that for each i € I, X; € Bi(%,y),
yi € Si(x), and 0 € Li(x,y,v;) for all v; € S;(¥) (i.e., 0 € (5,5 Li(X, ¥, vi)

and established the existence theorem of this problem. Use this result, he established
the existence theorems of solutions of systems of generalized equations, systems
of generalized vector quasi-equilibrium problems, collective variational fixed point,
mathematical program with systems of variational inclusions constraints, mathemati-
cal program with systems of equilibrium constraints and systems of bilevel problem,
and semi-infinite problem with systems of equilibrium constraints.

One easily sees that the above problems also have many connections with the
following problems.

Before we state those problems, we introduce notations that will be used through-
out this paper unless otherwise specified. For each i € I, let Y; be a nonempty closed
convex subset of a t.v.s. V;, U; and Z; be real t.v.s. Let X be a nonempty subset of a
tvs. E,ue Xand Y =1l Y;. Foreachie I, let F;: Y — U;, Gi: Y x Y; — Z; and
Ti: Y — Y; be multivalued maps.
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In this paper, we study the following type of systems of variational inclusions
problems:

(SVIP) Find y € Y such that 0 € F;(y), 0 € G(y,v;) for all v; € Ti(y) and for all
iel.

From (SVIP) we study the following problems:

(1) Find y € Y such that 0 € F;(y) + Pi(y), 0 € Qi(y) + Gi(y,v;) for all v; € T;(y)
and for alli € I, where Pi,F;: Y — U;, Qi Y — Z;,and G;: Y x Y; — Z; be
multivalued maps.

(2) Findy € Y such that y € F;j(y), ¥ € Gi(y,v;) for all v; € T;(y) and for all i € I.

(3) Find y € Y such that F;(y) <0, Gi(y,v;) > 0 for all v; € T;(y) and for all i € I,
where Fi: Y — Rand G;: Y x Y; — R are functions.

The following Ekeland’s variational principle on t.v.s. is a particular form of (3);

(4) Find x € X such that
(a) epu,Xx) < f(u) — f(x) and
(b) ep(x,v) > f(x) —f(v) forallv e T(x),
where, f: X — (—00,00], and p: X x X — (—o00, 00] are functions, u € X, e > 0
and 7: X — X is a multivalued map.

A particular form of (4) is the problem

(5) Find x € X such that

(@) ep(u.¥) < fw) — f(®)

(b) ep(x,v) = f(x) —f(v) forallv € X.

Let Zj be a real t.v.s. ordered by a closed convex cone D in Zj and f: Y — Zj.
As applications of our results, we study the existence theorems of mathemati-
cal programs with variational inclusions constraints (MPVI), semi-infinite prob-
lems(SI1 and SI2), and mathematical programs with fixed points and equilibrium
constraints (PFIEP):

(MPVI) Minpf(y), subject to y € Y such that for each i € I, 0 € F(y), and
0 € Gi(y,v)) for all v; € T;(y).

(SI1) Minpf(y), subject to y € Y such that for each i € I, G;(y,v;) > 0 for all

vi € Ti(y).

(SI2) Minpf(y), subject to y € Y such that for each i € I, Fi(y) < 0, and
Gi(y,v;) > 0forall v; € Ti(y).

(MPFTEP) Minpf(y), subject to y € Y such that for each i € I, y € Fi(y), and
Gi(y,vi) = 0forallv; € Ti(y).

In this paper, we first establish the existence theorems of systems of generalized
quasi-variational inclusions problem, from which we prove the existence of common
fixed point theorems for two families of multiavlued maps, Ekeland’s variational
principle, existence theorems of mathematical programs with variational inclusions
constraints, and semi-infinite problems. In this paper, we study Ekeland’s variational
principle in t.v.s. and our results on Ekeland’s variational principle include Lin et al.
[20] as special case. Our Ekeland’s variational principle on t.v.s. can not be reduced
from Theorem 4.2 [26], Theorem 7 [11], and Theorem 2 [8] and vice versa. Our results
on mathematical program with variational inclusions constraints, mathematical pro-
grams with fixed points and equilibrium constraints and semi-infinite problems are
different from Theorems 6.1-6.4 in ref. [10], Corollaries 5.1 and 5.4 in ref. [ 18], Remark
in ref. [12], Theorem 7 in ref. [15], Remark 5.1 in ref. [16].
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2 Preliminaries

Let V and W be nonempty sets, a multivalued map 7: V — W be a function from V
into the powersetof W.Let T: V — W,x € V,y € W,we definex € T~ (y) if and only
if y € T(x). Let V and W be topological spaces (in short t.s.), and let 7: V — W be a
multivalued map. 7 is said to be upper semi-continuous (in short u.s.c.) (respectively,
lower semi-continuous (in short l.s.c.) at x € V, if for every open set U in W with
T(x) C U (respectively, T(x) N U # @) there exists an open neighborhood V(x) of x
such that T(x') € U (respectively, T(x") N U # @) for all X' € V(x); T is said to be
u.s.c. (respectively, l.s.c.) on V' if T is u.s.c. (respectively, l.s.c.) at every point of V; T is
continuous at x if 7" is both u.s.c. and l.s.c. at x; T is compact if there exists a compact
set K € Wsuchthat T(V) C K; Tisclosedif GrT = {(x,y) e VxW:y e T(x),x € V}
is a closed set in V x W. Let A be a nonempty subset of a vector space E, coA will
denote the convex hull of A.

Let Z be areal t.v.s., D a proper closed convex cone in Z. A point y € A is called a
vector minimal point of A if foranyy € A,y —y ¢ —D \ {0}. The set of vector minimal
points of A is denoted by Minp A.

The following lemmas and theorems are needed in this paper.

Lemma 2.1 [25] Let X and Y be topological spaces, T: X — Y be a multivalued
map. Then T is Ls.c. at x € X if and only if for any y € T(x) and any net {xy}gep in X
converges to x, there exists a net {yolacn, Yo € T(xy) for alla € A with y, — y, where
A is an index set.

Lemma 2.2 [21] Let Z be a Hausdorfft.v.s., C be a closed convex conein Z. If A is a
nonempty compact subset of Z, then MincA # §.

Theorem 2.1 [1] Let X and Y be Hausdorff topological spaces, T: X — Y be a
multivalued map.

(1) If T is an u.s.c. multivalued map with closed values, then T is closed.

(2) IfY is a compact space and T is closed, then T is u.s.c.

(3) If X is compact and T is an u.s.c. multivalued map with compact values, then T (X)
is compact.

Definition 2.1 Let X be a nonempty convex subset of a vector space E, Y be a non-
empty convex subset of a vector space H and Z be a real t.v.s.. Let F: Y — Z and
C: X — Z be multivalued maps such that for each x € X, C(x) is a closed convex
cone.

(1) Fis C(x)— quasi-convex if for any y1, y2 € Y and A € [0, 1], either
F(y1) € FOy1 + (1 = 2)y2) + Cx)
or
F(y2) € FGy1 + (1 = My2) + Cx).
(2) Fis {0}— quasi-convex-like if for any y1, yo € Y and A € [0, 1], either
F(yr + (1= 21)y2) € F(y1)
or

FOuyr + 1 = My2) € F(y).
@ Springer
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(3) Fis affine if for any y1, y» € Y and A € [0, 1],
Fyr + 1 =My2) = AF(y1) + (1 = VD F(y2).
(4) Fisconcave if for any yq,y2 € Y and A € [0, 1], we have
AF(y1) + (1 =M F(y2) € F(yr + (1 — 2)y2).
Remark 2.1

(a) IfF:Y —o Zisamultivalued map, that Fis C(x)-quasi-convex does not guarantee
that F is C(x)-quasi-convex-like.

(b) If F: Y — Z is a function, then F is C(x)-quasi-convex if and only if F is
C(x)-quasi-convex-like.

Theorem 2.2 (Himmelberg [9]) Let X be a convex subset of a locally convex t.v.s. and
D be a nonempty compact subset of X. Suppose T: X — D be an u.s.c. multivalued
map such that for each x € X, T(x) is a nonempty closed convex subset of D. Then
there exists a point X € X such that x € T(x).

The following lemma is a special case of Theorem 7 in ref. [3] or Theorem 4.4 in
ref. [14].

Lemma 2.3 [3,14] Let {X;}ier be a family of nonempty convex subset, where each X;
is contained in a t.v.s. E;. Foreachi € I, let R;,Si: X = I;jc; X; — X; be a multivalued
map such that

(1) foreach x € S, coS;(x) C R;(x),

(2) foreach x = (xp)ier € X, x; ¢ Ri(x);

(3) foreachy; € X;, S7 (y;) is open in X;;

(4) there exist a nonempty compact subset K of X and a nonempty compact convex
subset M; of X; for alli € I such that for each x € X\K, there exists j € I such that
Mj N S]'(x) #0.

Then there exists X € X such that S;(x) = @ for alli € .
Throughout this paper, all topological spaces are assumed to be Hausdorff.

3 Existence theorems of variational inclusions problems

The following existence theorem is one of the main results of this paper.

Theorem 3.1 For each i € I, let Q;: Y x Y; — Z;, B;, A;: Y — Y; be defined by
Ai(y) ={vieYi:0¢ Gi(y,v)) and Bi(y) = {vi € Y; : 0 ¢ Qi(y,v))}. For eachi € I,
suppose that

1) Ty(Y) € H;, Wjis a closed subset of Y and Y; is a closed convex subset of V;,
where Hi = {y; € Y; : 0 € Fi(y) fory = (yi)ie1r € Y} and Wi ={y € Y : 0 € Fi(y)};

(2) foreachv; e Y; T; (v;) is open;

(3) foreachy = (yiier € Y, Ti(y), and B;(y) are convex, for each v; € Y;, A7 (v;) is
open and 0 € Qi(y, yi);

4) foreach (y,vi) € Y x Y;,0 ¢ Gi(y,v;) implies 0 ¢ Q;(y,V;);
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(5) there exist a nonempty compact subset K of Y and a nonempty compact convex
subset M; of Y; for each i € I such that for each 'y € Y\K, there exists j € I, and
vi € M; N Tj(y) such that 0 ¢ Gj(y, v)).

Then there exists y € Y such that 0 € F;(y) and 0 € G;(y,v;) for all v; € T;(y) and
foralli e I.

Proof Foreachie l,letS; R;:Y — Y; be defined by

L Tioyn Ay, it ye W,
Si) = [ ;) it ye "\ W,
and
| TioynBi(y), it yeW;,
Ry = [ Ti(), it yeY\W;

By (3) and our assumptions, T;(y), Bi(y), and R;(y) are convex sets for eachy € Y.
For each y = (ypics € Y, y;i ¢ Ri(y). Indeed, if y € Y\W;, then 0 ¢ F;(y) and y; ¢ H,.
By(1),y; ¢ Ti(y). Hence y; ¢ R;(y). By (3), 0 € Qi(y,yi), then y; ¢ B;(y). Therefore if
y € Wi, theny; ¢ T;(y) N B;(y) and y; ¢ R;(y). It is easy to see that for each i € I and
Vi € Y,',

S; ) =1[T; v NA; (W)U (MW N T (vi)l.

By (1)-(3), S; (v;) is open for each i € I and v; € Y;. By (4), foreachie l,andy € Y,
A;(y) C Bi(y). Hence coSi(y) C R;i(y). By (5), for each y € Y\K, there exists j € /
such that M; N S;(y) # ¥. Then, by Lemma 2.3, there exists y € Y such that S;(y) = ¢
foralli e I.If y € Y\W,, then S;(y) = T;(y) = @. This contradicts with T;(y) # ¢ for
all y € Y. Therefore y € W and S;(y) = T;(y) N A;(y) = @. This shows that 0 € F;(y)
and 0 € G;(y,v;) for all v; € T;(y) and for alli € . a

If we let G; = Q; in Theorem 3.1, then we have the following corollary.

Corollary 3.1 Let I, A; be the same as in Theorem 3.1. Assume that assumptions (1),
(2), and (5) of Theorem 3.1 and that condition (3) of Theorem 3.1 is replaced by

(3) foreachy € Y, Ti(y) and A;(y) are convex, for each v; € Y, A7 (v;) is open and
0 € Gi(y,yi)-

Then there exists y € Y such that 0 € F;(y) and 0 € G;(y,v;) for all v; € T;(y) and for
alliel.

Remark 3.1

(a) In Theorem 3.1, if for each i € I, Y; is compact, then condition (5) of Theorem
3.1 can be deleted.

(b) If F;(y) = Oforally € Y, then W; = Y, and condition (1) of Theorem 3.1 is
satisfied.

Theorem 3.2 Theorem 3.1 is true if for each i € I, Y; is a closed convex subset of V;
and conditions (1) and (3) of Theorem 3.1 are replaced by (1), and (3)a, respectively,
where

(Ma Ti(Y) € H;jand y — F;(y) is closed; and
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(3)a foreach v; € Yi, y — Qi(y,v;) is {0}-quasi-convex-like, T;(y) is convex, y —o
Gi(y,v;) is closed multivalued map and for each y = (y))ic; € Y, 0 € Qi(y,yi).

Proof Take W; be the same as in Theorem 3.1. By (1),, W; is a closed subset of Y.
Indeed, if y € W;, then there exists a net {y*}aeca in W; such that y* — y. One
has y* € Y and 0 € F;(y*). By (1)a, 0 € F;(y). Since Y is a closed set, y € Y.
Hence y € W; and W; is a closed set. For each y € Y, B;j(y) is convex. Indeed, if
v, v? € Bi(y) and A € [0,1], then v},v? € Y;, 0 ¢ Qi(y,v})) and 0 ¢ Qi(y,v?). We
want to show that 0 ¢ Qi(y,kv} + 1 - A)v%) for all A € [0, 1]. Suppose to the con-
trary that there exists Ao € [0, 1] such that 0 € Q;(y, on} + 1 - Ao)vl-z). By (3)a, either
0 € Qi(y, hov} +(1—xo)v}) € Qi(y,v})) or 0 € Oi(y, hov} + (1 —20)v7) € Qi(y,v}). This
leads to a contradiction. Therefore, 0 ¢ Q;(y, Av,l +(1- A)v%) forall A € [0,1]. Since Y;
is convex, Av} + _)\)sz € Y;.Hence Avl-l + —)L)viz € Bi(y) forall A € [0,1] and B;(y)
is convex for each y € Y. For each v; € Y;, A;7 (v;) is open. Indeed, if y € Y\A; (v)),
then there exists a net {y*}q4ea in Y\A; (v;) such that y* — y. One has y* € Y and
0 € Gi(y*,vi). Wesee y € Y. By (3)a, 0 € Gi(y,v;). Therefore y € Y\A; (v;) and
Y\A; (v;) is closed for each i € 1. This shows that A; (v;) is open for each v; € Y;.
Then Theorem 3.2 follows from Theorem 3.1. )

The following theorem is equivalent to Theorem 3.1.

Theorem 3.3 Foreachi € I, let Pi:' Y — U;, Li: Y — Z; be multivalued maps with
nonempty values, A;, T;i: Y — Y;, and Q;: Y x Y; —o Z; be multivalued maps with
nonempty convex values. For each i € I, suppose that

(1) Ti(Y) € H;jand Wi is a closed subset of Y, where H; = {y; € Y; : 0 € Pi(y) + Fi(y)
fory = (vi)ier € Y}
and
Wi={yeY:0e Py +FO)

(2) foreachv; € Yy, T; (vi) is open;

(3) foreachy = (yier € Y, Bi(y), and Ti(y) are convex, for each v; € Y, A7 (v;) is
open and 0 € Q;(y,y;), where
Aiy) ={vieY;:0¢ Li(y) + Gi(y,vi)}
and
Bi(y)={vieYi:0¢ Qi(y,vd)};

(4) foreach (y,vi) € Y x Y;,0 ¢ Li(y) + Gi(y,v;) implies 0 ¢ Q;(y,v;);

(5) there exist a nonempty compact subset K of Y and a nonempty compact convex
subset M; of Y; for each i € I such that for each y € Y\K, there exists j € I, and
vi € M; N Tj(y) such that 0 ¢ L;j(y) + G;(y, v)).

Then there exists y € Y such that 0 € F;(y) + P;(y) and 0 € L;(y) + Gi(y, ;) for all
vi € T;(y) and for alli € I.

Theorem 3.4 Theorem 3.3 is true if y; is closed and conditions (1), (3) of Theorem 3.3
are replaced by (1)y, and (3)y, respectively, where

Dy Ti(Y) € Hj, y — Pi(y) is a closed multivalued map and y — F;(y) is an u.s.c.
multivalued map with nonempty compact values;

3)p for each fixed vi € Yi, y — Qi(y,vi) is {0}-quasi-convex-like, for each y =
iier,0 € Qi(v, i), and T;(y) is convex; y — L;(y) is closed and y — Gi(y,v;)
is an u.s.c. multivalued map with nonempty compact values.
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Proof y — P;(y) + Fi(y) is closed. Indeed, if (y,w;) € Gr(P; + F;), then there exists
anet (y*, w¥)gen € Gr(P; + F;) such that (y*,w¥) — (y,w;). We have w¢ € P;(y*) +
Fi(y*) for all « € A. There exist bf € P;(y*), di € F;(y*) such that w§ = b¥ 4 d¥. Let
B = {y* : @« € A} U {y}. Then B is compact. By (1), and Theorem 2.1 that F;(B) =
UyepF;(v) is compact. Therefore, {d¥},ca has a subnet {dj*}q, ca such that di* — d;.
Since y — Fji(y) is an u.s.c. multivalued map with closed valued, it follows from The-
orem 2.1 that y — Fji(y) is closed. Therefore, d; € Fi(y). b%* = w* — d** — w; — d;.
By assumption (1), w; — d; € Pi(y). Hence w; € P;i(y) +d; C F;(y) + Pi(y). This shows
that (y,w;) € Gr(P; + F;) and P; + F; is closed. Therefore, y — P;(y) + F;(y) is closed.
Similarly, we can show that y — L;(y) 4+ G;(y, v;) is closed. Then Theorem 3.4 follows
from Theorem 3.2. O

Theorem 3.5 Let Y; be a nonempty convex subset of a locally convex space V;. For
each i € I, suppose that

(1) T;: Y — Y; is a compact continuous multivalued map with nonempty closed
convex values;

2) (y,vi) — Gi(y,v;) is a closed multivalued map;

(3) foreachy € Y, vi — Gi(y,v;) is {0}-quasi-convex-like and 0 € Gi(y,y;) for all
v = (Vi)ier € Y and foreachv; € Y;, y — G;(y,v;) is concave or {0}-quasi-convex;

(4) y — F;(y) is concave or {0}-quasi-convex and
{vi € Yi: 0 € Fi(y) fory = (yiier € Y} # V.

Then there exists y = (;);es such that y; € T;(y), 0 € F;(¥), and 0 € G;(y, v;) for all
vi € Ti(y) and for all i € I.

Proof For eachi e I, let

Ki={yieY;i:0e€Fi(y) fory= (y)ier € Y},and K = Hiel K;.

Then K; is convex. Indeed, if y},yi2 € K; and A € [0,1]. Let y1 = (y})iel and
y? = (Dier, then y!,y? € Yi,y? € Y,0 € Fi(y!), and 0 € Fi(y?). Since Y; is convex,
Ayl 4 (1 — 2)y? € Yi. By (4), it is easy to shows that K; is a nonempty convex set. For
eachie I, let H: K — T;(Y) be defined by

H;(y) = {s; € T;(y) : 0 € Gi(s,v;) for s = (s;)ics and for all v; € T;(y)}.

Follow the same arguments as in Theorem 3.1 in ref. [16], we can show that H;: K —
T;(Y) is a compact u.s.c. multivalued map with nonempty closed convex values. Let
Q: K —o [[;e; Ti(Y) be defined by Q(y) = [[;c; Hi(y) for y € K. Then it follows
from Lemma 3 [6] that Q: K — [[;.; T:(Y) is a compact u.s.c. multivalued map with
nonempty closed convex values. Then, by Himmelberg fixed point theorem, there
exists y = (Vi)ies € K such thaty € Q;(y). Then for alli € I, y;, € T;(y), yi € K;, and
0 € Gi(y,v;) for all v; € T;i(y). Since y; € K;, 0 € Fi(y). O

Remark 3.2 (a) Theorem 3.5 can not be reduced from Theorem 3.1 [16].

Apply Theorem 3.5 and follow the same argument as in Theorem 3.3, we have the
following theorem.

Theorem 3.6 For each i € I, let Y; be a nonempty convex subset of a locally convex
space V. For each i € I, suppose that

(1) Ti: Y — Y, is a compact continuous multivalued map with nonempty closed
convex values;
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(2) Pi: Y — Uj is a multivalued map with nonempty values and the set
Ji={yieYi:0ePi(y)+ Fi(y) fory = (yi)ic1 € Y}
is a nonempty convex set;

(3) Li Y —o Z;is a multivalued map with nonempty values such that for eachy € Y,
vi — Li(y) + Gi(y,v;) is {0}-quasi-convex-like and for each y € Y, the set
Hi(y) = {si € Ti(y) : 0 € Li(s) + Gi(s,v;) for s = (si)ier and for all v; € Ti(y)}
is convex and 0 € L;(y) + Gi(y,y;) forally = (yi)ic1 € Y;

4) (v,vi) — Li(y) + Gi(y,vy) is closed.

Then there exists y = (y;)ie; € Y such that y; € T;(y), 0 € Pi(y) + Fi(y), 0 €
Li(y) + Gi(y,v;) for all v; € T;(y) and for alli € I.

4 Applications to Ekeland’s variational principle and common fixed point theorems

As consequences of Theorems 3.1 and 3.6, we can establish Ekeland’s variational
principle in t.v.s. and common fixed point theorems.

Theorem 4.1 For each i € I, let Y; be closed, Fi: Y — R, Q;,G;: Y x Y; - R be
functions and H; = {y; € Y; : Fi(y) <0 fory = (yi)ier € Y}.
For each i € I, suppose that

(1) T;(Y) € Hjand y — Fi(y) is a Ls.c. function;

(2) foreachv; € Y;, T; (vi) is open;

(3) foreach y = (vi)ier € Y, Ti(y) is convex, Qi(y,yi) > 0, and vi — Q;(y,v;) is a
quasi-convex function and for each v; € Y;, y — Gi(y,V;) is an u.s.c. function;

(4) foreach (y,vi) € Y x Yj, Gi(y,vi) < 0implies Qi(y,vi) < 0;

(5) there exist a nonempty compact subset K of Y and a nonempty compact convex
subset M; of Y; for each i € I such that for each y € Y\K, there exist j € I and
vi € M; N Tj(y) such that Gj(y,v;) < 0.

Then there exists y € Y such that F;(y) < 0, G;(y,v;) > 0 for all v; € T;(y) and for all
iel.

Proof Foreachiel,let A;,B;: Y — Y; be defined by
Ai(y) ={vie Y;:0¢ —R; + Gi(y,v;)} and

Bi(y) ={vie Yi: 0 ¢ —Ry + Gi(y,vi)}.
It is easy to see that H; = {y; € Y; : 0 € Ry + Fi(y) for y = (yi)iesr € Y}. Let
Wi={yeY:F(y <0.Then W; = {y € Y : 0 € Ry + F;(y)}. By (1), W;
is a closed subset of Y. Since y — Gj(y,v;) is an u.s.c. function for each v; € Y,
YNA;7(vi) ={y e Y :0e Ry +Gi(y,vi)} =1{y € Y : Gi(y,vi) > 0} is closed.
Therefore, A; (v;) is open for each v; € Y;. By (3), v = Qi(y, v;) is quasi-convex, then

Bi(y) ={vieY;:0¢ —Ry + Oi(y,vi)}
= {v; € Y;: Qi(y,v;) <0} is convex.

By (5), for each y € Y\K, there exists j € [ such that v; € M; N Tj(y) and
0¢ —Ry +Gj(y,v)).
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Then by Theorem 3.1, there exists y € Y such that for eachi € 1,0 € Ry + F;(y)
and 0 € —R; + G;(y,v;) for all v; € T;(y). That is, Fi(y) < 0 and G;(y,v;) > 0 for all
vi € T;(y). o

If we let G; = Q; in Theorem 4.1, we have the following corollary.

Corollary 4.1 Let I, F;,G;, H; and Y; be the same as in Theorem 4.1. For each i € I,
suppose that

(1) Ti(Y) C Hjand y — F;(y) is a Ls.c. function;

(2) foreachy = (yier € Y, Ti(y) is convex, Gi(y,y;) > 0 and vi — G;(y,v;) is a
quasi-convex function and for each v; € Y;, y — Gi(y, ;) is an u.s.c. function;

(3) foreachv; € Y;, T; (v;) is open;

(4) there exists a nonempty compact subset K of Y and a nonempty compact convex
subset M; of Y; for each i € I such that for each y € Y\K, there exist j € I and
vi € M; (N T;(y) such that G;(y,v;) < 0.

Then there exists y € Y such that F;(y) < 0, and G;(y,v;) > 0 for all v; € T;(y) and for
alliel.

Corollary 4.2 If we assume assumption (4) of Corollary 4.1, and that conditions (1)
and (2) of Corollary 4.1 are replaced by (1) and (2'), respectively, where

1"y y — Fi(y) is a Ls.c. convex function.
2) foreach 'y = (ydier € Y,Gi(y,y)) > 0 and vi — Gj(y,v;) is a quasi-convex
function and for each v; € Y,y — Gi(y,v;) is an u.s.c. function.

Then there exists y € Y such that F;(y) < 0 and G;(y,v;) > O for all v; € H;.

Proof Let T;(y) = H;forally € Y. For each v; € Y},

—, Y, if v;e H,
T (vi) = [@, if v; € Yi\H,.

Therefore T; (v;) is open and 7;(y) is convex forally € Y. O

Then Corollary 4.2 follows from Corollary 4.1.
Remark 4.1 If 7 is singleton, then Corollary 4.2 will be reduced to Theorem 3.3 [20].

Theorem 4.2 For each i € I, let Y; be a nonempty convex subset of a locally convex
space Vi, Fi: Y — Rand G Y x Y; — R be functions. For each i € I, suppose that

1) T;: Y — Y; is a compact continuous multivalued map with nonempty closed
convex values;

(2) y — Fi(y) is quasi-convex and {y; € Y; : Fi(y) < 0 fory = (i)ier € Y} is
nonempty;

(3) foreachy € Y,vi — Gi(y,v;) is quasi-convex; foreachv; € Y;, {s € Y : Gi(s,v;) >
0} is convex and Gi(y,y;) = 0 forall y = (y,)ie; € Y; and

@) y — Gi(y,v)) is an w.s.c. function for each fixed v; € Y;.

Then there exists y = (y;)ic; € Y such that y; € T;(y), F;(y) < 0, Gi(y,v;) > 0 for all
vi € T;(y) and for alli € I.
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Proof Let P Y — Rand L;: Y — R be defined by P;(y) = R4 and L;(y) = —Ry for
ally € Y. By (2),

Ki={yieYi,0e Ry + Fi(y) fory = (yi)ier € Y}
={yieY;: Fi(y) <0for (yj)ics €Y}

is a nonempty convex set.
Foreachy € Y, v; — —R4 + Gi(y,v;) is {0}-quasi-convex-like. Indeed, let v
Yi, » € [0,1], by (3), either
Gi(y, v} + (1 =2} € Gi(y,v)) =R, or
Gi(y, w4+ (1 = w7 € Gi(y,v?) — Ry
Therefore, either

1.2
i-Vi €

—Ry + Gi(y, v} + (1= Mv)) € Gi(y,v}) — Ry — Ry
Gi(y.v}) —Ry or
—Ry + G,-(y,kvi1 + 1 - )L)viz) C —Ry + G;(y, vl-z).

N

This shows that for each y € Y, v; — —RT + Gi(y,v;) is {0}-quasi-convex like. By
(3), for each v; € Y;, {s € Y : Gj(s,vi) > 0} is convex. Hence for each y € Y,
{s € Y :Gi(s,vy) = 0forallv; € T;(y)} = Nyerinyls € Y : Gi(y,v;) = 0} is convex.
This shows that for eachy € Y,

Hi(y) ={si € Ti(y) : 0 € =Ry + G(s,v;) for s = (s;)ie; € Y and for all v; € T;(y)}
= {s; € T;(y) : Gi(s,v;) = 0fors = (s;)ic; € Y and for all v; € T;(y)}
= T;(y)N{s; € Yi: Gi(s,vi) = 0fors = (s;)ic; € Y and for all v; € T;(y)}

is convex. (y,v;) —o —R4 + Gi(y,v;) is closed. Indeed, let J;(y,v;) = —R+ + Gi(y, v;)
and (y,vj,a) € GrJ;, then there exists a net (y*,v{,a%) € GrJ; such that (y*,v{,a%) —
(y,vi,a). One has a* € J;(y*,v{) = =Ry + G;(y%,v¥). Therefore G;(y*,v¥) > a*. By
@), Giy,vi) = limy— oo Gi(y*,v¥) > limy— 00 a* = a. Hence a € —Ry + Gi(y,v)) =
Ji(y,vi) and (y,v;,a) € GrJ;. This shows that GrJ; is a closed set and J; is closed.
Therefore (y,v;) —o —Ry + Gj(y, ;) is closed. Then by Theorem 3.6 that there exists
¥ = (Vi)ier € Y such that y; € T;(y),0 € Ry + Fi(y) and 0 € —Ry + G;(y,v;) for all
v; € Ti(y) and for all i € I. That is F;(y) < 0 and G;(y,v;) > 0 for all v; € T;(y). o

As consequence of Theorems 4.1 and 4.2, we establish the following existence
theorems of Ekeland’s variational principle on t.v.s.

Theorem 4.3 Let X be a nonempty closed convex subset of at.v.s. E, f: X — (—00,00)
be a ls.c. function, u € X and ¢ > 0. Let T: X — X be a multivalued map with
nonempty convex values, and p,q: X x X — (—00,00) be a function. Suppose that

1) TX) C{yeX:epu,y) <fw) —f(y)}and T~ (v) is open for each v € X;

(2) foreachx € X, q(x,x) > 0and v — q(x,v) is quasi-convex;

3) foranyx e X, v — p(x,v)is Ls.c.

(4) foreach (x,v) € X x X, ep(x,v) — f(x) + f(v) < 0 implies q(x,v) < 0;

(5) foranyv e X, x — p(x,v) is u.s.c.; and

(6) there exist a nonempty compact subset K of X and a nonempty compact convex
subset M of X such that for each 'y € X\K, there exists z € M N T(y) such that

ep(y,2) < f(y) — f(2).
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Then there exists x € X such that

M epu,x) = fw) — f(x);
(2) epx,v) = f(X) = f(v) forall v e T(%).

Proof Let F(x) = ep(u,x) — f(u) + f(x) and G(x,v) = ep(x,v) — f(x) + f(V).

Since v — p(u,v) and v — f(v) are Ls.c., v = F(v) is Ls.c.

By (5), foreachv € X, x — ep(x,v) — f(x) + f(v) = G(x,v) is u.s.c.

By (6), for each y € X\K, there exists z € M N T(y) such that G(y,z) < 0. Then
by Theorem 4.1, there exists X € X such that ep(u,x) < f(u) — f(x) and ep(x,v) >
f(x) —f() forallv e T(x). o

Remark 4.2

(a) If Eis a normed linear space, S: X — X is convex continuous function and
p: X x X — Risdefined by p(x,y) = max{||Sx — y||, [[Sx — Sy||}. Then p satisfies
conditions (2), (3), and (5) of Theorem 4.3, but p is not a metric.

(b) Under the assumptions (3) of Theorem 4.3 and f: X — (—o0,00) is convex, if
T(y) ={xeX:epu,x) <fu)—fx)}forally € X. Then T(y) is convex for all
yveXand T(X) ={xe X:epu,x) < fu) —fx)}.

(c) In Theorem 4.3, X is a nonempty closed convex subset of a t.v.s., X need not be
a metric space. In Theorem 4.3, f and g are not assumed to have any convexity

property.
For the special case of Theorem 4.3, we have the following corollaries.

Corollary 4.3 Let X be a nonempty closed convex subset of a normed linear space E,
fi X — (—00,00) be a Ls.c. function and q: X x X — (—00,00) be a function, u € X
ande > 0. Let T: X — X be a multivalued map with nonempty convex values. Suppose
that

O TX)S{yeX:elu—y|l <fw) —f(y)}and T~ (v) is open for each v € X.

(2) foreachx € X, q(x,x) > 0andv — q(x,v) is quasi-convex;

(3) foreach (x,v) € X x X, €|lx —v| — f(x) — f(v) < 0implies q(x,v) < O;

(4) there exist a nonempty compact subset K of X and a nonempty compact convex
subset M of X such that for each 'y € X\K, there exists z € M N T(y) such that

elly —zll < f() — f(2).

Then there exists x € X such that

1) ellu—x|| < f(u) — f(X) and
Q) elx —v| = f® —fO) forallv e T(x).

Proof Let p(x,y) = ||x — y||, then Corollary 4.3 follows from Theorem 4.3. O
Remark 4.3 In Corollary 4.3, X is not assumed to be complete.

Corollary 4.4 Let X be a nonempty closed convex subset ofat.v.s. E, f: X — (—00,00)
be a ls.c. convex function, u € X and ¢ > 0. Let T: X — X be a multivalued map with
nonempty convex values, and p: X x X — (—00,00) be a function. Suppose that

() TX) C{yeX:ep(uy) <fu)—f()}and T~ (v) is open for each v € X;
(2) p(x,x) >0 forallx € X;
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(3) foranyx € X, v — p(x,v) is convex and Ls.c.;

4) foranyv e X, x — p(x,v) is u.s.c.; and

(5) there exist a nonempty compact subset K of X and a nonempty compact convex
subset M of X such that for each y € X\K, there exists z € M N T(y) such that

ep(y,2) < f(y) = f(2).
Then there exists x € X such that

1) ep(u,x) < fw) — f(X);
(2) ep(x,v) > f(X) — f(v) forallv € T(X).

Proof Let g: X x X — (—00,00) be defined by q(x,v) = ep(x,v) — f(x) + f(v). Then
Corollary 4.4 follows from Theorem 4.3. O

The following Ekeland’s variational principle theorem follows immediately from
Corollary 4.4 and the argument as in ref. [20].

Theorem 4.4 [20] Let X be closed subset of a tv.s, u € X and ¢ > 0. Let f: X —
(—00,00) be a l.s.c. convex function and p: X x X — (—00,00) be a function. Suppose
that

1) p(x,x) >0 forallx € X and p(u,u) =0

(2) p(x,2) <p(x,y) +p(y,2) forany x,y,z € X;

3) foranyx € X, p(x,-) is convex and Ls.c.;

4) foranyy e X, p(-,y) is u.s.c;

(5) there exist a nonempty compact subset K of X and a nonempty compact convex

subset M of X such that for each y € X\K, there exists z € M such that

ep(y,2) < f(y) — f(2) and ep(u,z) < f(u) — f(2).
Then there exists x € X such that

1) pu,x) < f(u) — f(x) and
2) ep(x,v) > f(X) — f(v) forallv € X.

Proof Let W ={x € X : ep(u,x) < f(u) — f(x)}. Since x — egp(u,x) and x — f(x) are
Ls.c. convex functions, x — ep(u,x) + f(x) — f(u) is a Ls.c. convex function and W is
a closed convex subset of X. Let T: X — X be defined by T(y) = W forall y € X.
Then

_ )X, it zeW,
T (Z)—[@, if ze X\W.

Then T~ (z) is open for all z € X and
TX)=W={xeX:epux) <fu)—rfx)}
Then by Theorem 4.3 that there exists X € X such that

(1) ep(u,x) < f(u) — f(x) and
2) epx,v) >f(Xx —f(v)forallve T(x)=W.

If v € X\W, then
elp(u,x) + p(x,v)] = ep(u,v) > f(u) — f(v)

> ep(u,X) + f(X) — f(v).
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Therefore ep(x,v) > f(x) — f(v) for all v € X\W. Hence ep(x,v) > f(x) — f(v) for all
velX. O

The following corollary follows from Theorem 4.4.

Corollary 4.5 Let X be a closed subset of a metrizable t.v.s. with topology induced by
ametricd. Let f: X — (—00,00) be a Ls.c. convex function, u € X and ¢ > 0. Suppose
that

1) foranyx € X, v — d(x,v) is convex;
(2) there exist a nonempty compact subset K of X and a nonempty compact convex
subset M of X such that for each y € X\K, there exists z € M such that

ed(y,2) < f(y) — f(z) and ed(u, z) < f(u) — f(2).
Then there exists x € X such that

1) ed(u,x) < f(u) — f(x) and
2) ed(x,v) > f(x) — f(v) forallv € X.

Remark 4.4 In Corollary 4.5, (X, d) is not assumed to be complete, If X is compact,
then condition (2) in Corollary 4.5. can be deleted.

Apply Theorem 4.2 and follow the same argument as in Theorem 4.3, we obtain
another version of Ekeland’s variational principle.

Theorem 4.5 Let X be a nonempty convex subset of a locally convex space E, ¢ > 0
andu € X, f: X — (—00,00) be a ls.c. convex function, p: X x X — (—00,00) be a
function. Suppose that

(1) T: X — X is a compact continuous multivalued map with nonempty closed
convex values;

2) v — p(u,v) is convex;

(3) foreach x € X, p(x,x) > 0 and for each v € X, x — p(x,v) is an u.s.c. concave
function.

Then there exists x € X such that x € T (),

1) ep(u,x) < f(u) — f(x) and
(2) ep(x,v) = f(X) — f() forall v € T(%).

Remark 4.6

(a) If (X,| -|)is anormed space and p: X x X — (—o00,00] be defined by p(x,v) =
[lvll — llx]|I, then p satisfies conditions (2)—(4) of Corollary 4.4 and conditions (2)
and (3) of Theorem 4.5, but p is not a metric.

(b) The Ekeland’s variational principle in Theorems 4.4—4.6 requires certain convex-
ity assumptions on p and f, but in Theorem 4.3, we do not assume any convexity
assumption on p and f. In Corollary 4.3, we do not assume any convexity assump-
tion of f.

Remark 4.7 If we take p = f = 0, then Theorem 4.5 will be reduced to Himmelberg
fixed point theorem. In fact, these two theorems are equivalent.

For the special case of Theorem 4.5, we establish a common solutions of fixed point
and optimization problem.
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Corollary 4.6 Let X be a nonempty convex subset of a locally convex space E, f: X —
(—00,00) be a ls.c, convex function , and u € X. Suppose that

1) T: X — X is a compact continuous multivalued map with nonempty closed
convex values.

Then there exists x € X such thatx € T(%), f(X) < f(u), f(v) = f(x) for all v € T(x).

Proof Letp(x,y) = 0forall (x,y) € X x X. Then Corollary 4.6 follows from Theorem
4.5. O

As consequences of Theorems 3.3 and 3.6, we establish the following common fixed
point theorems.

Theorem 4.6 For eachi € I, let Y; be a nonempty closed convex subset of t.v.s. V; for
eachiel letF: Y — Y, G Y x Y; — Y be multivalued maps with nonempty values,

Hi={yi € Yi:y e Fi(y) fory = (yiier € Y}.
For each i €l, suppose that

(1) T;(Y) C Hjand F; : Y — Y is a closed multivalued map with nonempty values;

(2) foreachv; € Y;, T; (v;) is open and for each 'y = (y)icr € Y, Ti(y) is convex and
y € Gi(y,yi);

(3) foreachv; € Yi, y — Gj(y,Vv;) is a closed, {0}-quasi-convex-like multivalued map;
and

(4) there exist a nonempty compact subset K of Y and a nonempty compact convex
subset M of Y; for each i € I such that for each y € Y\K, there exists j € I and
vi € M; N Tj(y) such that 0 ¢ —y + G;(y,v)).

Then there exists y € Y such thaty € F;(y), y € G;(y,v;) for all v; € T;(y) and for all
iel.

Proof For eachi € I, let P;(y) = {—y}, Li(y) = {—y}. Then Theorem 4.6 follows with
the same argument as in Theorem 3.3. O

Theorem 4.7 For each i € I, let Y; be a nonempty convex subset of a locally convex
space Vi, F. Y — Y, Gi: X x Y; — Y be multivalued maps with nonempty values. For
each i € I, suppose that

(1) T;: Y — Y; is a compact continuous multivalued map with nonempty closed
convex values;

(2) y — Fi(y) is a concave multivalued map and {y; € Y; : y € Fi(y) fory = (Vi)iel €
Y} 40

(3) foreachy = (yi)ier € Y, vi — G;(y,V;) is {O}-quasi-convex-like and y € G;(y,y;)
and for each v € Y;, y — Gj(y,Vv;) is a concave multivalued map;

@) G;:Y xY;—o Y;is closed.

Then there exists y = (¥;)ie; € Y such that y; € T;(y), y € Fi(¥), ¥y € Gi(y,v;) for all
vi € T;(y) and for alli € I.
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Proof Let Pi(y) = {—y}, Li(y) = {—y}. Since y — F;(y) is concave, it is easy to see
that

Ki={yieYi:0e—-y+Fi(yfory = (yier € Y}
={yieYi:yeFiy fory=(yie € Y}

is a convex set. By (2), K; # . It is easy to see that set

Hi(y) = {si € Ti(y) : 0 € —s + Gi(s,v;) for s = (s;)ic; € Y and for all v; € T;(y)}
={s; € Ti(y) : s € Gj(s,v;) for s = (s))ic; € Y and for all v; € T;(y)}.

Since y — Gj(y, v;) is concave.
Hi(y) = Nyeryinisi € Ti(y) 1 s € Gi(s,v;) for s = (si)ies € Y} is convex.

Since y — Gj(y,v;) is closed for each v; € Y; and T; is closed, it is easy to show
that H; is closed. Then follow the same argument as in Theorem 3.5, we can prove
Theorem 4.7. O

As a consequence of Theorem 4.7, we obtain another common fixed point for two
families of multivlaued maps. This fixed point theorem contains Himmelberg fixed
point theorem as special case.

Corollary 4.7 For each i € I, let Y; be a nonempty convex subset of a locally convex
space Vi, F: Y — Y, T;: Y — Y}, be multivalued maps with nonempty values. For each
i € I, suppose that

(1) T;: Y — Y;is a compact u.s.c. multivalued map with nonempty closed convex
values;

(2) y — F;(y) is a concave multivalued map and {y; € Y; 1y € Fi(y) fory = (¥)ier €
Y} #0.

Then there exists y = (y;)ie; € Y such that y; € T;(y),y € F;(y) for alli € I.

Proof Let G;(y,v;) = y for all (y,v;) € Y x Y;. Then Corollary 4.7 follows from
Theorem 4.7. O

Remark 4.8 (1) If / is a singleton and we let F(y) = y for all y € Y, then Corollary
4.7 will be reduced to Himmelberg fixed point theorem. As Theorem 3.5 follows from
Himmelberg fixed point theorem and Himmelberg fixed point theorem is a special
case of Theorem 3.5, we see that Theorem 3.5 and Himmelberg’s fixed point theorem
are equivalent.

5 Existence theorems of mathematical programs with variational inclusions
constraints and semi-infinite problems

In this section, we first study the following mathematical program with systems of
variational inclusions constraints.

Theorem 5.1 In Theorem 3.2, if we assume further that f: Y — Zy is an u.s.c. multi-
valued map with nonempty compact values, where Z is a real t.v.s ordered by a proper
closed convex cone D. Then there exists a solution to the problem:
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(MPVI) Minpf(y) such thaty € Y.
0 € F;(»),0 € Gi(y,v;) forall v € T;(y) and for alli € I.

Proof Let Bi={y € Y:0 € Fi(y) and 0 € G;(y,v;) for all v; € T;(y)} and B = Nj¢;B;.
By Theorem 3.2 that there exists y € Y such that for each i € I, 0 € F;(y), and
0 € Gi(y,v;) for all v; € Ti(y). Therefore y € B # (. By condition (4) of Theorem 3.2
that € K and B C K. B; is closed for each i € I. Indeed, if y € B;, then there exists
a net {y*}yea in B; such that y* — y. One has y* — y and 0 € F;(y%), 0 € G;(y*,v;)
for all v; € T;(y*). Let v; € Ti(y). By (ii), T; is l.s.c. By Lemma 2.1 that there exists a
net {v¥} such that v¢ € T;(y*) and v{ — v;. Therefore 0 € G;(y*,v¥). By assumption,
y — Fi(y) and (y,v;) — Gi(y,v;) are closed. 0 € Fij(y) and 0 € Gj(y,v;). Since Y is
closed, y € Y. Therefore y € B; and B; is closed. Hence B = N;¢;B; is closed. But
B C K and K is compact. B is a compact set. Since f is an u.s.c. multivalued map with
compact values, it follows from Theorem 2.1 that f(B) is compact. Then Theorem 5.1
follows from Lemma 2.2. m}

Remark 5.1 Theorem 5.1 is true if the condition that “f: Y — Zj is an u.s.c. mul-
tivalued map with nonempty compact values” is replaced by “f: ¥ — R is a ls.c.
function.”

Proof Let B be defined as in Theorem 5.1, we see in the Proof of Theorem 5.1 that B
is compact. Since f: Y — Ris Ls.c., there exists a solution to (MPVI).

Theorem 4.1 can be used to prove an existence theorem of the following semi-infi-
nite problem.

(S12) Minpf(y) subjecttoy € Y such that foreachi € I, Fi(y) < 0and G;(y,v;) >0
for all v; € T;(y).

Theorem 5.2 In Theorem 4.1, if we assume further that f: Y — Zy is an w.s.c. multi-
valued map with nonempty compact values and Zy and D are defined as in Theorem
5.1. Then there exists a solution to the problem (SI2).

Proof LetB; ={y € Y : Fi(y) <0and G;(y,v;) > Ofor allv; € T;(y)} and B = N1 B;.
By Theorem 4.1, B # ). By condition (4) of Theorem 4.1, B € K. For eachi € I, B; is
closed. Indeed, if y € B;, then there exists a net {y*}aea in B; such that y* — y. One
has y* € Y, F;(y*) < 0 and G;(y*,v;) > 0 for all v; € T;(y*). Let v; € T;(y). By (2), T;
is L.s.c., there exists a net {v¥}4eca in T;(y*) such that v¢ — v;. Hence G;(y*,v{) > 0.
Since F; is l.s.c., Gjis u.s.c. and Yis closed, y € Y, Fi(y) < 0 and G;(y,v;) > 0 for all
v; € T;(y). This shows that B is closed. Since B € K and K is compact. B is compact.
Follow the same argument as in Theorem 5.1, we can prove Theorem 5.2. O

Remark 5.2

(a) In Theorem 5.2, if we assume that f: Y — R is a L.s.c. function, then there exists
a solution to the problem:
min f(y) subject toy € Y such that for each i € I, Fi(y) < 0 and G;(y,v;) > 0
for all v; € T;(y).

(b) In Theorem 5.2, if H;: Y — Y* is a continuous function and n;: Y; x Y; — Y;is
an affine continuous function such that n;(y;,y;) > 0 for all y; € Y;. Let (-,-) be
the dual pair between Y; and Y. Then it follows from Theorem 5.2 that there
exists a solution to the problem:

Minpf(y) subject to y = (yi)iecr € Y such that for each i € I, Fi(y) < 0,
(Hi(y),ni(yi,vi)) = 0 for allv; € Ti(y).
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Apply Theorem 4.2 and follow the same argument as in Theorem 5.2, we have the
following result.

Theorem 5.3 In Theorem 4.2, if we assume further that f: Y — Zy is an u.s.c. multi-
valued map with nonempty compact values and Zy and D are defined as in Theorem S.1.
Then there exists a solution to the problem:

(MPFPEP) Minpf(y) subject to'y = (¥i)ier € Y such that for each i € I, y; € Ti(y),
Fi(y) <0and Gi(y,vi) = 0 for all v; € T;(y).

If we apply Theorem 3.3 and follow the same argument as in Theorems 4.1 and 5.1,
we have the following result.

Theorem 5.4 In Theorem 4.1, if

Hi={yieYi:Fi(y) >0fory = (yi)ier € Y}
is replaced by

Hi={yi € Y;i:0€ Fi(y) fory = (yi)ic1 € Y}

condition (1) is replaced by (1') and assume further that f: Y — Zy is an w.s.c.
multivalued map with nonempty compact values and Zy and D are the same as in
Theorem 5.1, where

(1) Ty(Y) C H; and F;: Y — Y is a closed multivalued map.
Then there exists a solution to the problem:

(MPVIEP) Minpf(y) subject to 'y € Y such that for each i € I, 0 € Fi(y) and
Gi(y,vi) = 0 forallv; € Ti(y).

Remark 5.4 In Theorem 5.4, if

Hi={yi€Yi:0€ Fy) fory = (ydier € Y}
is replaced by

H ={yieYi:y e Fi(y) fory = (yier € Y}.
Then there exists a solution to the problem:

(MPFPEP) Minpf(y) subject to y € Y such that for each i € I, y € F;(y) and
Gi(y,v;) = 0for all v; € Ti(y).
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